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EXTERNAL EDGE CONDITION AND
GROUP COHOMOLOGIES ASSOCIATED WITH
THE QUANTUM CLEBSCH-GORDAN CONDITION
HAJIME FUJITA
Abstract. In this article we determine the structure of a twisted first co-
homology group of the first homology of a trivalent graph with a coefficient
associated with the quantum Clebsch-Gordan condition. As an application we
give a characterization of a combinatorial property, the external edge condi-
tion ([3]), which is defined in the study of the Heisenberg representation on
the TQFT-module.
1. Introduction
In [3] we computed representation matrices and characters of a Heisenberg repre-
sentation in terms of admissible colorings of a given ribbon graph. The Heisenberg
representation was constructed in the framework of (2+1)-dimensional topological
quantum field theory by Blanchet et al. in [2] and Andersen et al. in [1] based on
skein theoretical and algebro-geometrical settings respectively. In the computation
of characters, a combinatorial property which we call the external edge condition
plays an essential role. In fact as we noted in [3, Remark 6.1], for each twisted
group 1-cocycle of the homology of the graph with a coefficient associated with
the quantum Clebsch-Gordan condition we can define a Heisenberg representation,
and if the cocycle satisfies the external edge condition, then the representation is
isomorphic to that in [2] and [1]. In this article we show that the converse is true in
a suitable functorial sense (Theorem 5.10). One of the key observations is the de-
scription of the twisted first cohomology group in terms of stabilizers of the action
of the homology of the graph on the set of admissible colorings (Theorem 3.1).
This article is organized as follows. In Section 2 we prepare some notations
and definitions including admissible colorings and the twisted cohomology group
associated with the graph and admissible colorings. In Section 3 we determine
the structure of the twisted first cohomology. In Section 4 we recall the definition
of the external edge condition and show the existence of the external edge class.
In Section 5 we give an alternative description of the twisted first cohomology in
terms of the induced representation on the TQFT-module. Finally we introduce
a category of graphs and give a characterization of the external edge class in the
categorical setting.
The author’s research is partially supported by JSPS Grant-in-aid for Young
Scientists (No.21840045).
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2. Notations and definitions
In this article we fix a positive integer k called the level and a commutative ring
R with unit. We denote by R× the group of units.
Let Γ be a unitrivalent graph 1 with 3g− 3 + 2n edges {fl}, 2g− 2 + n trivalent
vertices {vi} and n univalent vertices {wm}. We assume that first n edges f1, · · · , fn
have univalent vertices w1, · · · , wn. Note that the first homology group H1(Γ) of Γ
with Z/2-coefficient is isomorphic to (Z/2)g. Let ~j′ = (j′1, · · · , j
′
n) ∈ {0,
1
2 , · · · ,
k
2}
n
be a pair of half integers. We call the pair (Γ;~j′) a colored graph.
Definition 2.1 (Admissible colorings). A labeling of the set of edges ~j = (jl) :
{fl} → {0,
1
2 , · · · ,
k
2} is an admissible coloring of level k for (Γ;
~j′) if ~j(fl) = j
′
l for
l = 1, · · ·n and the following condition, which is called the quantum Clebsch-Gordan
condition of level k, is satisfied for each trivalent vertex vi with three edges fi1 , fi2
and fi3 : 

ji1 + ji2 + ji3 ∈ Z
|ji1 − ji2 | ≤ ji3 ≤ ji1 + ji2
ji1 + ji2 + ji3 ≤ k.
Here we put jl := ~j(fl). If a trivalent vertex vi has only two edges fi1 and fi2 = fi3 ,
then we interpret these conditions as the corresponding condition with ji2 = ji3 .
Denote by QCGk(Γ; ~j′) the set of all admissible colorings of level k for (Γ; ~j′).
Definition 2.2. We define an action of H1(Γ) on QCGk(Γ; ~j′) by
λ : ~j 7→ λ ·~j =
(
j1, · · · ,
k
2
− jl, · · · , j3g−3
)
(all l with fl lying on λ).
Denote by QCGk(Γ; ~j′) the quotient set with respect to this action and by [~j] the
equivalence class of ~j ∈ QCGk(Γ; ~j′).
Example 2.3. For the graph Γ in Figure 1 and λ = f3+ f4+ f5+ f6 ∈ H1(Γ), the
action of λ on QCGk(Γ;~j
′) is given by;
λ : (j3, j4, j5, j6, j7, j8, j9, j10) 7→
(
k
2
− j3,
k
2
− j4,
k
2
− j5,
k
2
− j6, j7, j8, j9, j10
)
.
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Figure 1. Γ and λ.
Definition 2.4. Put A(Γ; ~j′) := (R×)QCGk(Γ;
~j′) and define the action of H1(Γ) on
A(Γ; ~j′) by interchanging of entries, λ : (c~j) 7→ (cλ·~j). We denote by C
∗(Γ; ~j′) the
twisted cochain group C∗(H1(Γ);A(Γ; ~j′)) and by H
∗(Γ; ~j′) its cohomology group
H∗(H1(Γ);A(Γ; ~j′)).
1A unitrivalent graph is a graph whose vertices are trivalent or univalent. In this article we do
not need any ribbon structure of the graph. See the comments before Theorem 4.3 also.
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3. Structure of the first cohomology
Our main interest is the first cohomology group H1(Γ; ~j′). We first give the
structure of it in terms of the homology of the given colored graph.
Theorem 3.1. For a colored graph (Γ;~j′) we have the following isomorphism:
H1(Γ; ~j′) ∼=
⊕
[~j]∈QCGk(Γ;~j′)
H1(Γ)
∗
~j
,
where we put H1(Γ)~j := {λ ∈ H1(Γ) |λ ·
~j = ~j} and (·)∗ := Hom( · , R×).
To show Theorem 3.1 we show the following lemma.
Lemma 3.2. We have the following description of the first coboundaries B1(Γ; ~j′).
B1(Γ; ~j′) = {δ = (δ~j) ∈ Z
1(Γ; ~j′) | δ~j(λ) = 0 for all
~j ∈ QCGk(Γ;~j
′) and λ ∈ H1(Γ)~j}.
This lemma follows from the following general proposition.
Proposition 3.3. Let G be an abelian group acting on a finite set A. Let K
be an abelian group and τ : G → KA (τ(g) = (τa(g))) a twisted 1-cocycle of G,
where KA is the direct product and G acts on KA by interchanging of entries,
g : (ra)a∈A 7→ (rg·a)a∈A (g ∈ G). Then τ is a coboundary if and only if τa(g) = 1
for all a ∈ A and g ∈ G with g · a = a.
Proof. Assume that τa(g) = 1 for all a ∈ A and g ∈ G with g · a = a. Fix
representatives {a1, · · · , aN} of A/G. For a = g · al ∈ A we put ka := τal(g) ∈ K.
The cochain (ka) ∈ K
A is well-defined because for g1, g2 ∈ G with g1 · a = g2 · a,
we have
1 = τa(g1 − g2) = τg1·a(−g2)τa(g1)
= τg2·a(−g2)τa(g1)
= τa(g2)
−1τa(g1).
By definition we have τa(g) = kg·ak
−1
a , and hence, τ is a coboundary. It is easy to
check the converse. 
Proof of Theorem 3.1. Define a homomorphism ϕ : Z1(Γ; ~j′)→
⊕
[~j]∈QCGk(Γ;~j′)
H1(Γ)
∗
~j
by ϕ(δ) : λ 7→ δ~j(λ) for δ ∈ Z
1(Γ; ~j′) and λ ∈ H1(Γ)~j . Note that the restriction
δ~j|H1(Γ)~j depends only on [
~j] ∈ QCGk(Γ; ~j′) because of the relation
δ
λ′·~j
(λ)δ~j(λ
′) = δ~j(λ+ λ
′)
= δ
λ·~j
(λ′)δ~j(λ) = δ~j(λ
′)δ~j(λ)
for λ ∈ H1(Γ)~j and λ
′ ∈ H1(Γ). It is clear that the kernel of ϕ is equal to the group
of coboundaries by Lemma 3.2. We show that ϕ is surjective. Fix ε = (ε[~j]) ∈⊕
[~j]∈QCGk(Γ;~j′)
H1(Γ)
∗
~j
and take a lift ε˜[~j] : H1(Γ)→ R
× of ε[~j] : H1(Γ)~j → R
× for
each [~j]. Define a map δ : H1(Γ)→ A(Γ; ~j′) by δ~j(λ) := ε˜[~j](λ). Then one can check
that this δ is a twisted homomorphism and ϕ(δ) = ε, and hence ϕ is surjective. 
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4. External edge condition
In this section we recall the definition of the external edge condition ([3]). We
first recall the definition of λ-external (resp. internal) edges.
Definition 4.1 (λ-external/λ-internal edges). Let Γ be a unitrivalent graph. For
a cycle λ ∈ H1(Γ), an edge fl ∈ Γ is said to be a λ-external edge if the cycle λ on Γ
does not pass through fl and one of the vertex of fl lies on λ and the other is not.
If λ does not pass through fl and all vertices of fl lie on λ, then fl is said to be a
λ-internal edge. See Figure 2 for example. For λ ∈ H1(Γ) we denote the set of all
λ-external edges by Ex(λ).
ext
int
ext
ext
ext
ext
int
int
int
int
Figure 2. External edges and internal edges for λ depicted by
thick lines.
Definition 4.2 (External edge condition). Let (Γ;~j′) be a colored graph. Let
δ = (δ~j) : H1(Γ) → A(Γ;
~j′) be a twisted 1-cocycle. We say that δ satisfies the
external edge condition if the following condition is satisfied:
δ~j(λ) = (−1)
∑
fl∈Ex(λ)
jl for all λ ∈ H1(Γ) and ~j ∈ QCGk(Γ;~j
′) with λ ·~j = ~j.
We call a twisted 1-cocycle satisfying the external edge condition an external edge
cocycle and its cohomology class an external edge class.
Remark 4.1. If k is an odd number, then we have H1(Γ)~j = {0} and H
1(Γ;~j′) =
{0}, and the trivial cocycle satisfies the external edge condition. Hereafter we will
assume that k is an even number.
If we take R to be the coefficient ring used in [2] and fix a ribbon structure of
Γ, then there exists a canonical external edge cocycle as in [3, Proposition 3.4].
Lemma 3.2 implies its cohomology class does not depend on the ribbon structure.
For general R we have the following.
Theorem 4.3. For each colored graph (Γ;~j′) there exist the unique external edge
class.
Proof. The uniqueness follows from Lemma 3.2 and the definition of the external
edge condition. By Theorem 3.1 it is enough to check that the map ε = (ε[~j]) :⊕
[~j]H1(Γ)~j → R
× provided by the external edge condition,
ε[~j] : λ 7→ (−1)
∑
fl∈Ex(λ)
jl (λ ∈ H1(Γ)~j),
is a group homomorphism. In other words we have to check the equality∑
fl∈Ex(λ1+λ2)
jl ≡
∑
fl′∈Ex(λ1)
jl′ +
∑
fl′′∈Ex(λ2)
jl′′ mod 2
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for λ1, λ2 ∈ H1(Γ)~j . Note that ε[~j] depends only on [
~j]. In fact we have
∑
fl∈Ex(λ)
(
(λ′ ·~j)l − jl
)
=
∑
fl∈λ′∩Ex(λ)
(
k
2
− 2jl
)
≡ 0 mod 2
for all λ′ ∈ H1(Γ) because
#(λ′ ∩ Ex(λ)) is even and the colorings on Ex(λ) are
integers because of the QCGk-condition. To show the required relation it is enough
to consider two local situations in Figure 3.
(1) (2)
λ1
λ2
λ1
λ2
Figure 3. Two local situations.
By direct computations one can check that cancellations occur in these local situ-
ations. We only note that if the second situation occurs then we have k ≡ 0 mod 4
by the QCGk-condition. 
5. Characterization of the external edge condition
In this section we give a characterization of the external edge classes in a suitable
categorical setting. We first introduce a representation associated with a twisted
1-cocycle, which gives a combinatorial realization of the Heisenberg representation
studied in [1], [2] and [3].
Definition 5.1. For a colored graph (Γ;~j′) we denote by R(Γ;~j′) the free R-module
generated by the finite set QCGk(Γ;~j
′) and by |~j〉 ∈ R(Γ;~j′) the basis element
corresponding to ~j ∈ QCGk(Γ;~j
′). For a twisted 1-cocycle δ ∈ Z1(Γ;~j′) we can
define a homomorphism ρ(δ) : H1(Γ)→ GL(R(Γ;~j
′)) by ρ(δ)(λ)|~j〉 := δ~j(λ)|λ ·
~j〉.
Proposition 5.2. Let δ1, δ2 : H1(Γ) → A(Γ; ~j′) be two twisted 1-cocycles. If their
cohomology classes coincide, [δ1] = [δ2] ∈ H
1(Γ; ~j′), then two representations ρ(δ1)
and ρ(δ2) are isomorphic to each other.
Proof. Fix c = (c~j) ∈ C
0(Γ;~j′) = A(Γ;~j′) which cobounds δ1δ
−1
2 , i.e., δ1(λ)δ2(λ)
−1 =
(λ · c)c−1 for all λ ∈ H1(Γ). Then one can check that the map φc : R(Γ;~j
′) →
R(Γ;~j′) defined by φc|~j〉 = c~j |
~j〉 gives an intertwiner between ρ(δ1) and ρ(δ2). 
Remark 5.1. By the construction we have φc1c2 = φc1φc2 for c1, c2 ∈ C
0(Γ;~j′).
This implies that the representation space (R(Γ;~j′), ρ(δ)) is canonically defined for
the cohomology class [δ].
Remark 5.2. The R-module R(Γ;~j′) is abstractly isomorphic to the TQFT-
module in [2], and the representation ρ(δ) gives a combinatorial realization of the
Heisenberg representation on it. More precisely we can define a Heisenberg type
group E(Γ) and an action of it on R(Γ;~j′) by using ρ(δ) . Note that if we fix a
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ribbon structure of Γ, then we have a colored surface (CΓ;~j
′), and E(Γ) is a cen-
tral extension of H1(CΓ). See Section 5 of [3] for details. [3, Proposition 3.4] and
Proposition 5.2 above implies that if δ satisfies the external edge condition, then
the induced Heisenberg representation defined by ρ(δ) is isomorphic to that studied
in [2] and [3].
Consider a decomposition of the graph Γ into Γ1 ⊔ Γ2. In this article we mean a
decomposition of the graph by cutting some internal edges in Γ. See Figure 4 below.
(Here Γ1 or Γ2 may be empty.)
Figure 4. Decompositions of the graph.
Associated with the decomposition we have the decomposition QCGk(Γ; ~j′) =⊔
~j′′
QCGk(Γ1; ~j′1) × QCGk(Γ2;
~j′2), where ~j
′′ denotes all colorings of the internal
edges which are used to decompose Γ and ~j′1 (resp. ~j
′
2) is the coloring which
consists of values of ~j′ ∪~j′′ on the univalent vertices on Γ1 (resp.Γ2). (Note that ~j
′
1
and ~j′2 have the common values on the components which come from ~j
′′.) In this
operation we say that (Γ1; ~j′1) and (Γ2;
~j′2) are a decomposition of (Γ;~j
′), and we
call (Γ2; ~j′2) the complement of (Γ1;
~j′1) in (Γ;~j
′). For each ~j ∈ QCGk(Γ2; ~j′2) we
have an inclusion
ι~j : QCGk(Γ1;
~j′1)× {~j} →֒ QCGk(Γ;
~j′)
and the induced projection
ι∗~j : A(Γ;
~j′)→ A(Γ1; ~j′1).
Combining with the inclusion H1(Γ1) →֒ H1(Γ) these data induce the cochain map
and the map between cohomologies (denote them by the same letter)
ι∗~j : C
∗(Γ; ~j′)→ C∗(Γ1; ~j′1), ι
∗
~j
: H∗(Γ; ~j′)→ H∗(Γ1; ~j′1).
Now we define an equivalence relation ∼Γ of twisted 1-cocycles from the view-
point of induced representations on the TQFT-module R(Γ;~j′).
Definition 5.3. Let (Γ;~j′) be a colored graph. For two twisted 1-cocycles δ and
δ′ we denote by δ ∼Γ δ
′ if for any decomposition (Γ1; ~j′1) and (Γ2;
~j′2) of (Γ;~j
′) the
induced representations ρ(ι∗~j (δ)) and ρ(ι
∗
~j
(δ′)) on R(Γ1;~j
′
1) are isomorphic repre-
sentations for all ~j ∈ QCGk(Γ2;~j
′
2). The relation ∼Γ is an equivalence relation.
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We denote by [δ]Γ the equivalence class of a twisted 1-cocycle δ and by H(Γ;~j
′) the
set of equivalence classes of twisted 1-cocycles under the equivalence relation ∼Γ.
Note that H(Γ;~j′) has a structure of an abelian group induced from that of
Z1(Γ;~j′), [δ]Γ · [δ
′]Γ := [δδ
′]Γ.
Theorem 5.4. The map F : H(Γ;~j′) → H1(Γ;~j′) defined by F ([δ]Γ) = [δ] is a
group isomorphism.
To show this theorem we show the well-definedness and the injectivity of the
map F . (The surjectivity is clear.) We first consider the following special case.
Proposition 5.5. Let (Γ(n),~j′) be a colored graph, where Γ(n) is a unitrivalent
graph having n univalent vertices and satisfying H1(Γ(n)) ∼= Z/2 (Figure ??). Let
δ1 and δ2 be twisted 1-cocycles. Then two representations ρ(δ1) and ρ(δ2) are iso-
morphic if and only if their cohomology classes coincide, [δ1] = [δ2] ∈ H
1(Γ(n);~j′).
Γ(n)
Figure 5. Γ(n).
Proof. Let λ be the generator of H1(Γ(n)). By Lemma 3.2 it is enough to show that
if ρ(δ1) and ρ(δ2) are isomorphic, then (δ1)~j(λ) = (δ2)~j(λ) for all pairs (λ,
~j) with
λ · ~j = ~j. Note that if there is such ~j, then it is equal to ~j0 := (~j
′, k4 , · · · ,
k
4 ). By
definition of the representation ρ(δi) we have Tr(ρ(δi)(λ)) = (δi)~j0 (λ) for i = 1, 2.
Since ρ(δ1) and ρ(δ2) are isomorphic, we have (δ1)~j0(λ) = (δ2)~j0(λ). 
Lemma 5.6. The map F is well-defined.
Proof. By Lemma 3.2 it is enough to show that if δ1 ∼Γ δ2, then (δ1)~j(λ) = (δ2)~j(λ)
for all pairs (λ,~j) with λ · ~j = ~j. Fix such a pair (λ,~j). Take a decomposition
(Γ(λ);~j′1) and (Γ
′(λ);~j′2) of (Γ;~j
′) as follows. We first cut all λ-external and λ-
internal edges of Γ. Then we define Γ(λ) to be the component of this graph which
contains the cycle λ and Γ′(λ) to be the complementary graph. (See Figure 6.) The
colorings ~j′1 and ~j
′
2 are the induced colorings from ~j
′ and ~j. Note that Γ(λ) is equal
to Γ(n′) for some non-negative integer n′ (or as a disjoint union of such graphs). By
the assumption induced representations ρ(ι∗~j2
(δ1)) and ρ(ι
∗
~j2
(δ2)) on R(Γ(λ);~j
′
1) are
isomorphic representations for all ~j2 ∈ QCGk(Γ
′(λ);~j′2). In particular by Propo-
sition 5.5 we have (δ1)~j(λ) =
(
ι∗~j2
(δ1)
)
~j1
(λ) =
(
ι∗~j2
(δ2)
)
~j1
(λ) = (δ2)~j(λ), where
~j1 ∈ QCGk(Γ(λ);~j
′
1) satisfies ι~j2(
~j1) = ~j and λ ·~j1 = ~j1. 
Lemma 5.7. The map F is injective.
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λ
Γ′(λ)
Γ(λ)Γ
Figure 6. Γ(λ) and Γ′(λ).
Proof. We show that if F ([δ]Γ) = [δ] = 0, then δ is equivalent to 0. Take a decom-
position (Γ1; ~j′1) and (Γ2;
~j′2) of (Γ;~j
′). We have a homomorphism ι∗~j : H
1(Γ; ~j′)→
H1(Γ1; ~j′1) for each ~j ∈ QCGk(Γ2;~j
′
2). By the assumption we have ι
∗
~j
[δ] = 0, and
hence the induced representation ρ(ι∗~j (δ)) on R(Γ1;
~j′1) is isomorphic to ρ(0) by
Proposition 5.2. In particular we have δ ∼Γ 0. 
We define two categories to state the naturality and a characterization of the
external edge class.
Definition 5.8. For a positive integer k we define a category Gk as follows. Ob-
jects of Gk consist of all colored graphs {(Γ;~j
′)}. The set of morphisms between two
colored graphs (Γ1;~j
′
1) and (Γ2;~j
′
2) is empty if (Γ2;~j
′
2) can not be obtained as any
decompositions of (Γ1;~j
′
1). If (Γ2;~j
′
2) is a decomposition of (Γ1;~j
′
1) with the com-
plement (Γ3;~j
′
3), then we define the set of morphisms by Mor((Γ1;~j
′
1), (Γ2;~j
′
2)) :=
QCGk(Γ3;~j
′
3). The composition of morphisms for a triple (Γ1;~j
′
1), (Γ2;~j
′
2) and
(Γ3;~j
′
3) is defined by the natural mapQCGk(Γ4;~j
′
4)×QCGk(Γ5;~j
′
5)→ QCGk(Γ6;~j
′
6),
where (Γ4;~j
′
4) is the complement of (Γ2;~j
′
2) in (Γ1;~j
′
1), (Γ5;~j
′
5) is the complement
of (Γ3;~j
′
3) in (Γ2;~j
′
2) and (Γ6;~j
′
6) is the complement of (Γ3;~j
′
3) in (Γ1;~j
′
1).
Let Vec0 be the category whose objects consist of pairs of a vector space V and
a vector v ∈ V and morphisms consist of linear maps preserving the prescribed
vectors.
As we showed in Theorem 4.3 there exists the unique external edge class for
each (Γ;~j′), and we denote it by δext[Γ;~j
′] ∈ H1(Γ;~j′). By definition we have the
following.
Proposition 5.9. We can define a functor Fext : Gk → Vec
0 by putting Fext(Γ;~j
′) =
(H1(Γ;~j′), δext[Γ;~j
′]) and Fext(~j) = ι
∗
~j
for a decomposition (Γ1;~j
′
1) and (Γ2;~j
′
2) of
(Γ;~j′) and ~j ∈ QCGk(Γ2;~j
′
2).
Remark 5.3. By the similar argument in the proof of Lemma 5.6 we can check that
a functor F : Gk → Vec
0 of the form F(Γ;~j′) = (H1(Γ;~j′), δ[Γ;~j′]) and F(~j) = ι∗~j
is characterized by values for all (Γ(n),~j′).
As a corollary of Theorem 5.4 we have the following characterization.
Theorem 5.10. For l = 1, 2 let Fl : Gk → Vec
0 be two functors of the form
Fl(Γ;~j
′) = (H1(Γ;~j′), δl[Γ;~j
′]) and Fl(~j) = ι
∗
~j
. If the induced representations
ρ(δ1[Γ;~j
′]) and ρ(δ2[Γ;~j
′]) of H1(Γ) on R(Γ;~j
′) are isomorphic to each other for all
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(Γ;~j′), then we have F1 = F2. In particular the functor Fext is the unique functor
which realizes the representations studied in [1], [2] and [3].
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